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H ! 1 Introduction 

We have studied relations among representations of Cuntz algebras, bosons 
and fermions from a standpoint of branching law. Even to this day, alge- 
bras of bosons and fermions are most fundamental ingredients in quantum 
field theory |23l |25] . Their Fock representations are basic and essential in 
several models. Therefore it is expected that a mathematical study of these 
representations give a new point of view to quantum field theory. In this 
paper, we show their relations by using the representation theory of Cuntz 
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algebras. A unitary operator from the Bose-Fock space to the Fermi-Fock 
space is constructed by using a certain representation of the Cuntz algebra 
O2 which preserves particle number. 

1.1 Motivation 

We explain our motivation without mathematical definitions in this subsec- 
tion. Rigorous definitions will be given in § 11.21 and § [2l 

1.1.1 Fermions and bosons described by Cuntz algebras 

In m and [19], we have described fermions and bosons by using Cuntz al- 
gebras O2 and Ooo, respectively. Fermions are described as polynomials 
in canonical generators of O2 and their conjugates. Hence the algebra of 
fermions is embedded into O2 as a unital *-subalgebra. Bosons are de- 
scribed as formal power series in canonical generators of Ooo and their con- 
jugates. This does not mean that the algebra of bosons is embedded into 
Ooo- However, these formal sums make sense on a certain dense subspace 
of any permutative representations of Coo- These two descriptions enable 
studies of restrictions of representations of O2 and Ooo on fermions and 
bosons. We have shown that their Fock representations are derived from 
certain representations of these Cuntz algebras. 

On the other hand, Ooo is embedded into O2 by using a certain unital 
♦-embedding such that canonical generators of Ooo are written as monomials 
in those of O2. With respect to this embedding, the restriction of any per- 
mutative representation of O2 is also a permutative representation of Ooo- 
This implies that any permutative representation of O2 can be restricted on 
bosons also. From these, both fermions and bosons are described by using 
canonical generators of 02- Hence we have an extreme interest in the com- 
parison between fermions and bosons which are simultaneously represented 
on a given representation space of O2 ■ 

1.1.2 Bosonization, fermionization and boson-fermion correspon- 
dence 

In physics, a description of a given (algebraic) system by using bosons [resp. 
fermions) is called bosonization [20l[27] {resp. fermionization [6j). Especially, 
fermions and bosons are often rewritten each other in some senses. In this 
case, a pair of bosonization and fermionization is called a boson-fermion 
correspondence |151 [22l [24j in the broad sense of the term. 



fermionization 
bosons fermions 



bosonization 

These metamorphoses are not only interesting phenomena but also impor- 
tant techniques in physics [9l [21]. On the other hand, such descriptions 
are not well-understood as mathematics. In almost all cases, a bosoniza- 
tion (or a fermionization) is done as a computation technique. Therefore 
nobody has given its mathematical meaning. The algebra of bosons and 
that of fermions are neither isomorphic nor embedded each other. Hence 
neither bosonization nor fermionization are executed in a purely algebraic 
sense without any representation. Remark that infinite sums and normal 
orders of elements in these algebras make no sense as elements in algebras. 
These descriptions are usually given on a certain representation space with 
a certain operator topology or as a formal operation [14^ [22l I24j . Hence a 
mathematical generalization of these is stated as follows: 

Problem 1.1 Let A\ and A2 be algebras such that there is no embedding of 
one to the other. Let V be a vector space and let vtj be a representation of 
Ai on Vfori = 1,2. 

(i) For X £ Ai, write 7ri(x) by using elements in 7r2(^2) (and some ex- 
clusive operation) as a rigorous mathematical statement. 

(ii) If (i) is done, then characterize such description in some senses. 

If 7r2 is irreducible, then we can always give an answer to Problem ll.l( i) 
by using the strong operator topological limit ([IH], § I. A. 2) when y is a 
Hilbert space. 

In order to avoid difficulties about operator-valued distributions and 
physical assumptions, we consider a boson-fermion correspondence between 
the Bose-Fock space and the Fermi-Fock space as the simplest example in 
this paper. 

1.2 Recursive boson system and recursive fermion system 

We briefly explain recursive boson system and recursive fermion system in 
this subsection. For 2 < N < cx), let On denote the Cuntz algebra [10] . Let 
{sn '■ n £ N} and {^1,^2} denote the canonical generators of Oqo and O2, 



respectively, that is, they satisfy that 

k 
s*sj = 6ijl (i,jeN), '^SmS*m<I (for any /c > 1), (1.1) 



m=l 



t*tj = 5ijl {i,j = 1,2), titl + t2q = I, (1.2) 

where N = {1, 2, 3, . . .}. Let {6„ : n G N} and {a„ : n G N} denote bosons 
and fermions, that is, 



for each n, m G N. We described {6„ : n £ N} and {a„ : n G N} by using 
{s„ : n G N} and {^1,^2} in [ElIT], respectively as follows: 

00 
bl = ^ y/m SmS*ra+l, 6„ = p(6„_i) (n > 2), (1.5) 

771=1 



ai = tlt2! On = C(an-i) (n > 2) (1.6) 



where 



p{x) = ^ SmXS^ {x G Ooo), (1.7) 

m=l 

C(y)= tiyt!-t2yt^ (y e O2). (1.8) 

We call these descriptions of {6„ : n G N} and {an : n G N} as the re- 
cursive boson system (=RBS) and the recursive fermion system (=RFS), 
respectively. 

Remark 1.2 (i) Remark that {6„ : n G N} in (jl.Sp and /9(x) in (jl.7p are 
not well-defined in Ooo, but they make sense as operators on a certain 
dense subspace of any permutative representation of Ooo by Fact 1.1 
in m\. 



(ii) The *-algebra B of bosons can never be embedded into the *-algebra A 
of fermions (|19j. § 1.1.1). Especially, i3 and A are not *-isomorphic. 
From this, bosonization and fermionization are usually executed as 
infinite operations on suitable representation spaces with respect to 
certain operator topologies. 



1.3 Fock representations arising from a representation of O2 

In this subsection, we show relations among the Bose-Fock representation, 
the Fermi- Fock representation and a certain representation of 02- Let B 
and A be as in Remark ll.2l fii) and let {ti,t2} be as in p.2|) . Assume that 
(7Y, vr) is a *-representation of O2 with a cyclic vector Q satisfying 

TT{ti)n = n. (1.9) 

This representation exists uniquely up to unitary equivalence [71[TT1[12]. We 
will show an example of this in § 14.31 In [U [19] , we proved the following for 
(W,7r) and Q in (fTg]) : 

(i) Define the dense subspace V oiTC hy 

V = Un{{ti, ■ ■ ■ ti^n ■.ii,...,im = l,2,m>l}). (1.10) 

Let {sn ■ n G N} be as in (jl.ip . Assume that Ooo is embedded into 
02by 

Sm = t^~^h (m > 1) (1.11) 

where we define tg = I- From this, we obtain the restriction {7i, Tr\o^) 
of {Ti, vr) on Oqo- Furthermore, (jl.Sp and (jl.jp are rewritten as follows: 



m=l 



bi = J2V^t^'^htmr, hn = p{hn-i) (n>2), (1.12) 

00 



m=l 



By using (jl.lip . a unital *-representation t:rbs oiB onV is defined by 
using ()1.5p with respect to {T^\ooo{^n) '■ n G N} and their conjugates 
on D. 



(ii) The unital *-representation ttrfs oi A on Tl is defined by using (|1.6p 
with respect to {7r(ti), 7r(t2)} and their conjugates. 

(iii) Let (TLb^t^b) and {TLf^t^f) denote the Fock representations of bosons 
and fermions with vacua VLb and f^i?, respectively [8], that is, which 
are cyclic vectors of dense subspaces of TLb and TLf, respectively and 

-KBihr^^B = 0, ■nF{an)^F = for all n G N. (1.14) 



Then there exist two unitaries Vb '■ TC ^ TLb and Vp ■ TC ^ Tip such 
that 

VsTTRBsi-WB = VTB, VfTT/JF^IO^F = "^F, (1-15) 

that is, two unitary equivalences ttrbs — t^b and ttrfs — t^f hold, 
and Vb^ = ^b and Vf^ = ^f (§ 3.3 of [T] and Proposition 3.2 of 

ESI). 



From these results, we define the unitary U from TCb to Tip by 

n 




o 
u 



np, u ^ Vpv^ (1.16) 



It seems that three triplets (7^,71,^2), {TCbtT^Bi^b) and {TCpjirpjQp) are 
similar in a sense of the representation theory of operator algebras be- 
cause they are irreducible representations with cyclic vectors ft, il^, ^f such 
that they are uniquely determined by algebraic equations with respect to 
il, Qbt^f- Remark that both Vb and Vp in (J1.15p are naturally constructed 
from (I1.14[) . From (|1.5p and (11. 6p . both equations in (|1.14p are derived from 
p.9p . In this sense, ()1.9p is most fundamental from the perspective of the 
representation theory of these algebras. 

In spite that two unitaries Vb and Vp have an established role of uni- 
tary equivalence of representations, we can not explain a meaning of the 
unitary U in ()1.16p clearly. By computing U on the standard basis of TCb , 
we consider how similar {Hb-,t^b-,^b) and (TCp,TTp,Clp) are in the next 
subsection. 

1.4 Main theorem 

In this subsection, we show our main theorem. Let ttb and np be as in (J1.14p . 
We identify nB{bn) and i:p{an) with 6„ and a„ for n > 1, respectively. 

Theorem 1.3 (i) The unitary U in I11.16\) satisfies that UQb = ^F o.nd 

^ ( ll^^nJ ' \^B = C ■ A„j_i^fc^^„2+fc^_i^fc2 • ••^n„+fci+---+fc„_i-l,A:„f^F 

(1.17) 
for 1 < rii < ■■■ < Um and ki,...,km > 1 where C denotes the 
normalization constant which is given by C = \/kil ■ ■ ■ km^. and 

An,m = al^i ■ ■ ■ a*^^^ (n,m>l). (1.18) 



(ii) Let TCB,n o-nd 7iF,n denote the subspaces of all n-particle states ofTiB 
and Tip for n >0, respectively. Then 

UnB,n=nF,n (n > 0), (1.19) 

that is, U satisfies the particle number conservation law between bosons 
and fermions. 

For other isomorphism theorems of Fock spaces, see § 14.10 of [15j and 
Theorem 5.1 in [22]. From Theorem II. 3^ the following holds. 

Corollary 1.4 Up to vacuum vectors Qb, ^f o,nd the normalization con- 
stant, monomials of bosons and fermions are one-to-one corresponded in the 
Fock space as follows: 

iKrf' ■ ■ ■ iKj'"^ ^ An,-l,k, ■ ■ • An„+fc,+...+fc„.i-l,fc„. (1.20) 

Remark 1.5 (i) From Theorem II. SH I, we see that a mode 6* of a boson 
is nearly corresponded with a block A^/ ^/ of fermions in (jl.lSp . 

(ii) The statement of Theorem ll.3( i) is a result of the definition of U in 
p.l6p . Conversely, (jl.lTp defines the unitary operator U from TCb to 
Tip without the use of representations of Cuntz algebras. 

(iii) From Theorem II. Sf ii). number operators Nb and Np of bosons and 
fermions on their Fock spaces are transformed as UNb = NpU [8]. 

(iv) Theorem ll.3l is an example of branching law (without nontrivial branch) 
of ©2, A and B. We will show other branching laws in § 13.51 

Remark 1.6 Since every dimensions of representation spaces 'Hb-,'Hf,'H 
in § 11.31 are countably infinite, it is clear that there exists a one-to-one 
correspondence among their standard orthonormal basis. Hence there exist 
many choices of the correspondence and there is no criterion to choose a 
correspondence in general. On the other hand, the formula (jl.lTp is derived 
from two branching laws of representations associated with the RBS and 
the RFS. It is surprising that pure representation theoretical results give 
unique correspondence of state vectors with the physical statement about 
the particle number conservation. 

In § O we will introduce representations of Ooo-, 02,B and A. In § [3l 
we will explain branching laws and show relations among representations in 
§ [2j In § 13.51 we will show the proof of Theorem 11.31 In § SJ we will show 
examples. 



2 Representations of algebras 

In this section, we introduce representations of Oooi O2, S and A indepen- 
dently and show their properties. 

2.1 Permutative representations of Cuntz algebras 

For A^ = 2, 3, . . . , +00, let On denote the Cuntz algebra [TO], that is, a C*- 
algebra which is universally generated by si, . . . ,sj\[ satisfying s*Sj = 5ijl 
for i,j = 1, . . . , N and 

N k 

J2siS* = I (ifA^<+oo), ^s,s-</, A; = 1,2,... (if iV = +00) 

where I denotes the unit of On. 

In § 2.2 of p!3], a Cuntz algebra-like object appears. Gopakumar and 
Gross call it the Cuntz algebra. They regard that this algebra corresponds 
with (Maxwell-) Boltzmann statistics ([26j, p 362). According to their inter- 
pretation, we illustrate relations between algebras and statistics as follows: 



algebra 


boson 


fermion 


On 


statistics 


Bose-Einstein 


Fernii-Dirac 


Maxwell-Boltzmann(?) 



Since On is simple, that is, there is no nontrivial closed two-sided 
ideal, any unital homomorphism from On to a C*-algebra is injective. If 
ti, . . . ,tn are elements of a unital C*-algebra 21 such that ti, . . . , i„ satisfy 
the relations of canonical generators of On, then the correspondence Si 1— > tj 
for z = 1, . . . , A^ is uniquely extended to a *-embedding of On into 21 from 
the uniqueness of On- Therefore we call such a correspondence among 
generators by an embedding of On into 2t. 

Define Xjv = {1, . . . , A^} for 2 < A^ < 00 and X^o = N. For A^ = 
2, . . . , 00 and k = I, . . . , 00, define the product set X'^ = {XnY of ^N- Let 
{sn '■ n ^ Xn} denote the set of canonical generators of On for 2 < A^ < 00. 

Definition 2.1 (i) A representation (TCjir) of On is permutative if there 
exists an orthonormal basis £ = {e^ : n G A} ofTi such that 'n{si)£ C 
e for each i G X^ Q [221 El- 

(ii) For J = {ji)f^i G X^ with 1 < k < 00, let Pn{J) denote the class 
of representations (TCtt) of On with a cyclic unit vector Q €z TC such 
that 7r(sj)0 = Q and {vr(sjj • • • Sj^)^}f^^ is an orthonormal family in 
H where sj = Sj-^ • ■ ■ Sj^. . 



We call the vector (7 in Definition 12.11 by the GP vector of i7i,ii). 

Results of these classes are shown as follows. For any J, Pn{J) is 
a class of perniutative representations, which contains only one unitary 
equivalence class. From this, we can always identify Pn{J) with a rep- 
resentative of Pn{J). The class Pn{J) is equivalent to Pj\f{aJ) where 
o-J = (Jct(i), • • • ,Ja{k)) for any cyclic permutation a G Z^ for J = (ji, . . . Jk)- 
The class Pn{J) is irreducible if and only if a J ^ J for any cyclic permu- 
tation a ^ id ^ [m [12l [T7|. Let Pn{J, ■ ■ ■ ,j,k) (p-times j, and k) denote 
PNiJ^k) for description of simplicity. We summarize our results as follows. 

Lemma 2.2 Q [T^/ Lei 7^ = {P2(2P"^1),P2(1'^"^2) : p,q > 1, q ^ 2}. 

(i) Any two of classes in IZ are not unitarily equivalent. 
(ii) All of classes in TZ are irreducible. 

Lemma 2.3 (;i9j, Lemma 2.2) Let T = {P^{p),P^{lP2) : p > 1}. 
(i) Any two of classes in T are not unitarily equivalent. 
(ii) All of classes in T are irreducible. 

2.2 Representations of bosons 

We summarize several representations of bosons and their properties. Let 
B denote the *-algebra generated by {6„ : n £ N} which satisfies (II. 3p . The 
algebra B is called the Heisenberg algebra |15l I22j . the universal enveloping 
algebra of the Heisenberg Lie algebra [15], or the Weyl algebra [16]. A 
representation of S is a pair (TC,-!!) such that W is a complex Hilbert space 
with a dense subspace T> and tt is a *-homomorphism from B to the *-algebra 
{x £ Endc(^) : x*!) C T>}. A cyclic vector oi (TCtt) is a vector il. £ T> such 
that TT{B)n = V. 

Definition 2.4 For A, g > 1 and i = 1, . . . ,q, let BFq^i{\) denote the class 
of representations (TCtt) of B with a cyclic vector il. satisfying 

7r(Vn-l)+i^g(n-l)+i)^ = ^^' TTibg(^n-l)+j)^ = (2.1) 

for n G N and j = 1, . . . ,q, j ^ i. 

The classes BFi^i(j)), BF2^i{2) and ,6^2^2(2) are same as Fp,F2i and F12 
in Definition 2.2 of [19]. A representation (TCjir) of B is called irreducible 
if there exists a 7r(i3)-invariant dense subspace "D of TC such that if a linear 
operator y from 2? to 2? satisfying y-K{x) = 'n{x)y on V for any x € ;B, is a 
scalar multiples of /. 



Lemma 2.5 (119]. Lemma 2.2) Let S = {BFii{p),B Fi 2(2), BF2i{2) : p > 

!}• 

(i) For each S €z S, any two representations belonging to S are unitarily 
equivalent. From this, we can identify a representation belonging to 
S £ S with S. 

(ii) Any two of classes in S are not unitarily equivalent. 

(iii) All of classes in S are irreducible. 

We see that BFi^i(l) is the Fock representation of B with the vacuum 0,. 

2.3 Representations of fermions 

Let A denote the *-algebra generated by {an : n G N} which satisfies 
(foil . The algebra A is isomorphic to the Clifford algebra [l5l[22]. The C*- 
algebra A universahy generated by A is called the CAR algebra [8]. Every 
^-representation A is uniquely extended to the unital *-representation of A. 
The C*-algebra A is simple. 

Definition 2.6 (i) For p > 1 and 1 < ? < p, let FFp^i denote the class 
of representations (H, vr) of A with a cyclic vector Q satisfying 

vr(ap(„_i)+i)^ = ■^ia*p(^n-i]+j)^ = (2-2) 

forn >l,j = l,...,p, j y^i. 

(ii) For p > I and 1 < i < p, let FF*^ denote the class of representations 
(TCjIt) of a with a cyclic vector Q satisfying 

■^ia*p(n-i)+t)^ = '^iap(n-i)+j)^ = (2.3) 

forn >l,j = l,...,p, j y^i. 

By definition, FF2,i = FF^^ and FF2,2 = FFli- 

Example 2.7 (i) When p = i = 1, 

7r(a„)f] = (n > 1). 

Hence FFi^i is the Fock representation of A with the vacuum Q. Ev- 
ery representation FFp^i and FF*- are obtained from the Bogoliubov 
transformation of the FFi^i [8]. Hence FFp^i and FF*^ are often 
called the Fock representation in the broad sense of the term even if 
{p,i) 7^ (1; 1) |22j . In this paper, we call only FFi^i the Fermi- Fock 
representation of A. 

10 



(ii) When p = 2, FF2A satisfies 

7r(a2n-i)^ = 7r(a2„)il = (n > 1). 

Hence -F-F2,i is the infinite wedge representation of A by Proposition 
3.6 in [18]. In the same way, -F-F2,2 is the dual infinite wedge represen- 
tation of A. 

Lemma 2.8 Let T = {FFp^i : p > 1, 1 < i < p}. 

(i) For each T £ T, any two representations belonging to T are unitarily 
equivalent. From this, we can identify a representation belonging to 
T eT with T. 

(ii) Any two of classes in T are not unitarily equivalent. 

(iii) Any class in T is irreducible. 

Proof, (i) From Definition 2.2 and Theorem 2.3 of [5j, the statement holds, 
(ii) We see that ^ is a dense *-subalgebra of the fixed-point subalgebra 
O2 with respect to the gauge action of O2. From Theorem 2.3 in |5] 
and Proposition 13.61 we see that FFp^i is P[a{2P^^l)] for a certain a £ Zp. 
Therefore the statement holds. 

(iii) Since any class in T is given as a Bogoliubov transformation from the 
Fock representation, and the Fock representation is irreducible, the state- 
ment holds. I 



3 Branching laws 

In this section, we show branching laws among representations of Ooo, O2, 
i3 and ^ in § El 

3.1 Introduction to branching laws 

First, we explain the notion of branching law. For a group G, if there exists 
an embedding of G into some other group G , then any representation vr 
of G induces the restriction ttIg of vr on G. The representation vrlc is not 
irreducible in general even if vr is irreducible. If 7t\g is decomposed into the 
direct sum of a family {tt\ : A G A} of irreducible representations of G, then 
the equation 

vr|G = 0^A (3.1) 

AeA 

11 



is called the branching law of vr. Especially, if tt\g itself is irreducible, then 
the branching law of vrlc has no nontrivial branch. The branching law can 
be also considered for a pair (A, B) of a subalgebra A and an algebra B. We 
can consider branching laws for the following pairs: 

(i) (Ooo,02), 

(ii) (AO2), 
(iii) (^,Ooo), 
(iv) (^,02) 

where B is neither a subalgebra of Ooo nor that of 02, but branching laws 
of permutative representations can be considered as if B was a subalgebra of 
Coo by [19], and we write this inclusion like relation as the symbol "~~^" in 
the left part of the following diagram. From (Coo, O2) and (^B, Coo), we can 
consider branching laws for the pair {B,02)- We illustrate relations among 
them as follows: 

B vtIb e RepS 

Coo ^ O2, RepC'2 3 vr 1 — > 7r|o^ G RepOoo 



A 7r|_4 G Rep^ 

In consequence, we can compare two branching laws for a permutative rep- 
resentation of ©2 associated with (B,02) and (^,02)- 

3.2 Coo and C»2 

Let {sn : ?^ S N} and {^1,^2} be as in (jl.ip and ()1.2p . Assume that Ooo is 
embedded into O2 by (jl.lip . From this, t2Sn = s„+i for each n G N. 

Proposition 3.1 For Pn{J) in Definition \2. i]( ii) . let P2{J)\oao denote the 
restriction of the (class of) representation P2{J) on Coo- 

(i) For p > 1, 

P2{l2^'^)\o^=Poo{p) (3.2) 

where we define 12'' = 1 for convenience. 

(ii) For q>l, 

P2{in)\o^=P^{l'i-^2) (3.3) 

where we define 1*^2 = 2 for convenience. 

12 



Proof, (i) Fix p > 1. Let (W,7r) be P2{12P-'') with the GP vector n. We 
identify iT{ti) and tj for i = 1,2. Then ^1^2" fi = $7. Define fi = tg^ 0. 
Then is a cychc vector and Spil = Q . Let V = Lin({tjil : J G {1,2}*}) 
where {1, 2}* = IJi>i{l' '^V ■ Then we see that F is a dense subspace of H. 
Fix p > 1. For n2, ■ ■ ■ ,nii.,mi, . . . ,mk-i > 1 and ni,mk > 0, let 
J ^ (ini2mi . . . ink2mk-^ g {1^ 2}*. Then 

From this, tjQ' e Ooo^' for each J e {1,2}*. Therefore V C Ooof^'- This 
imphes H = Ooo^'- Hence ('H,7r|c)^) is Poo{p)- 

(ii) Assume that a vector satisfies ^152^^ = ^ • Define fi = ^19-12^^ . Then 
sf"^S2^ = tr^*2ii^ = ^- Hence ^ ee O^^H is Poo(l^"^2). On the other 
hand, tiQ = sii} and ^2^ = t2ii'j-i2^i^ = S2Siq-2S2^- From these, tiil. £ V 
for i = 1,2. Furthermore, we see that 

ti^h ■ ■ ■ ^jk^ = si^ii • ■ ■ Sjft^' *2Sj, ■ ■ ■ Sj^n = Sj^+iSj2 ■ ■ ■ Sj^n. (3.5) 

Therefore tjQ G V for each J G {1, 2}*. Since f] is a cychc vector of ^2(1*2), 
the statement holds. ■ 



3.3 Bosons and O2 

We show relations among representations of boson and O2 according to (jl.Sp 
and (fLTT]l . From (fT3]) . 

Snbm = bm+lSn, S„6m = ftm+l^n {n,m£N). (3.6) 



Proposition 3.2 (i) For p > 1, P2{l2P^^)\ts = BFi^i{p). 

(ii) Forp> I, Poo(P~'2)|b = 5Fp,i(2) • • • © BFp,p(2). 

(iii) Forp>l, P2{V2)\b = BFp^i{2) ® ■ ■ ■ ® BFp,p{2). 

Proof, (i) From Proposition I3.1l fi) and Poo{p)\b = BFi^i{p) by Theorem 
1.1 of [19], the statement holds. 

(ii) When p = 1, the statement is proved by Theorem 1.1 of [19j. Assume 
p >2. Let ri be a non-zero vector satisfying s^ S2^ = fl. Define 

ill = f^, $l2 = Si S2^, . . . , ilp-1 = SiS2ri, ilp = S2^ (3-7) 

13 



and Tj = s^ ^S2s\ where s^ = ^- Then Tjilj = Qi for each i = 1, . . . ,p. 
We see that bp-j+iQi = 5i^js\Q.i for i, j = 1, . . . ,p. From this, 

V'i-i)+p-j+i^i = 5ijT^~^s\ni {i,j = l,...,p,n>l). (3.8) 

Moreover 6*(„_^)_^p_.^-^6p(„_i)+p_i+iili = f^i for z = 1, . . . ,p, n > 1. Hence 
Fi = Bfti is SFp,p_j+i(2) for each i = l,... ,p. Therefore W = Vi®---®Vp 
is5Fp,i(2)e---'©5Fp,p(2). 
On the other hand, 

si^i = biflp, sifli = r^i-i, 52^1 = ^p, S2^i = bi^i-i, (3.9) 

s„S7i = {(n-2)!}-i/2(6*)"-20p, snn, = {in-iy.}~'/\bir~'ni^, (3.10) 

for n > 3 and i = 2, . . . ,p. These imply that Sn^i £ W^ for each i = 1, . . . ,p 
and n G N. From this and I^M), Sn«i)''' • • • «,)'''" o^i • • • a^^t^i ^ ^^ 
for each i = 1, . . . ,p, ni, . . . , rir, rrii, . . . , mt, ki, . . . ,kr and li, . . . ,lf Hence 
SnW C W for each n S N. From this, sjO = sjQi S VF for each J. 
Therefore W is dense in Ooo^- This imphes the statement, 
(iii) From (ii) and Proposition I3.1l fii). the statement holds. | 



3.4 Fermions and O2 

We show relations among representations of fermions and O2 ■ From (|1.6p , 

for i = 1,2 and m E N. For p > 1, let (H,7r) be ^2(2^"^!) with the GP 
vector (7. Define 

ill — '^7 '^2 = ^2 ^1", • • • ) '^p— 1 = ^2^1'^; ^'p = ti'i. (3.12) 

From (j3.1ip . the following is verified 

Lemma 3.3 (i) When p = I, a*Oi = t^~^t2^i for each n > 1. 

(ii) When p>2, a;_i+iOj = 6ij{-l)P'%''^^n for i,j = l,... ,p. 



(iii) When p>2, for i,j = l,...,p,l>2, 



a. 



p(/-i)+p-.+i% = 6,,{-ir-^^(^-'^(^-'hrhitr'hy-'t'2^. (3.13) 

In particular, when i = j = 1, 

a;,n = {-l)(^-''>^{ff\y-'t'2^, «;(/-i)+.f^ = (3.14) 

forl>l,l<i<p-l. 
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From Lemma 13.31 and (jl.4p . the following holds. 
Lemma 3.4 (i) For i,j = l,...,p,i^j,l>l, 

0'p(l-l)+p-i+lO'p{l-l)+p-i+l^i = ^J' (3.15) 

"■l{i-i)+p-i+i%{i-i)+P-i+i^j = ^i- (3.16) 

/n particular, for I > 1 and 1 < i < p — 1, 

apia*piQ. = Q., a*(;_]^-)^jap(i_i)+jil = 0. (3.17) 

(ii) Fori,j = 1, . . . ,p, i / j, / > 1, 

ap{i-i)+p-i+if^i = o*(/_i)+p_j+i% = 0. (3.18) 

Lemma 3.5 For {^jYj=i ^^ \3.12^) . the following holds: 

tiQ,i = Qp, t2^i = Q-i^p, tiQj = oiilj-i, t2^j = ^j-i (2 < J < p). 

Proof. By definition, tifli = ftp and t2^j = ^j-i for 2 < j < p. On 
the other hand, t2^i = ^2^1^^ = Oi^p and tiilj = titgf^j-i = oirij_i for 
2 < j < p. I 

Proposition 3.6 For any p > 1, the following holds: 

P2{2P-H)U = FFp^i e • • • © FFp,p, P2{ip-'2)U = ff;^, © • • • © FFp*p. 

Proof. Let W be the representation space of P2(2^^^1). By Lemma [3. 3t we 
see that Ai^j is FFpj for each j = 1, . . . ,p. Therefore FFp^i © • • • © FFp^p is 
a subrepresentation of "H. It is sufficient to show that W = A^i © • • • © Ailp 
is dense in TC. 

By Lemma 13.51 ti^j S W for each i = 1,2 and j = 1, . . . ,p. From this 
and (f3lT|l . 

tia^aTOj = (-l)(l^l+l^l)(^-^)a5+iar+itif^j G W (3.19) 

where a^ = a*^ • • • a*^, ot = (oj-)* and |5| = A;, 5 + 1 = {ni + 1, . . . ,njt + 1} 
for 5 = {ni,...,nfc}. Let 7^ = {tjO : J e {1,2}*}. From Lemma [331 
7^ C Ty. Since the linear hull of TZ is dense in Tl, W is also dense in Ti. 
Hence the first statement holds. 
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Define the automorphism a of O2 by a{t\) = t^ and 0(^2) = ii- Then 
^2(2^"^!) o a = P2(1^^^2). Furthermore a|_4 is also an automorphism of 
A. We see that FFp^i o a = FF*^. From this and the first statement, the 
second statement holds. I 

For other results of representations of fermions and Cuntz algebras, see 

[D El Em El [E]. 

3.5 Bosons and fermions 

In this subsection, we summarize relations among representations of algebras 
02,B and A^ and prove Theorem 11.31 From Proposition 13.21 and 13.61 we 
obtain the unitary Up from BFi^i(p) to FFp^i © • • • © FFp,p for p > 1 as 
follows: 



Up = VF,piVB,pr 



■ ■ © FFp,p, 

(3.20) 

where Vb,p denotes the unitary from P2(2^~^1)|b to BFi^i{p) and Vf,p denote 
the unitary from P2(2^~^l)|yi to FFp^i © • • • © FFp^p with respect to their 
unitary equivalences. 

Example 3.7 (i) For Example 12. 7( i). if p = 1, then we obtain the unitary 
U = Ui from the Bose-Fock space to the Fermi-Fock space. 

(ii) From Example 12. 7l fii). f/2 is the following unitary: 

U2 ■■BFi^i{2) ^ IW®IW* 

where IW and IW* denote the infinite wedge representation and the 
dual infinite wedge representation of A, respectively. 

Let ti, t2 denote canonical generators of O2 and let Vt be the GP vector 
of ^2(1)- For 1 < m < • • • < nm and /ci, . . . , fc^ G N, the RBS {6„ : n G N} 
on ^2(1) satisfies the following Example 3.2 in [19]: 

m 
{K^f^ ■ ■ ■ {KS'^^ = n V^ tr"^*2'*r""'*2' • • • ti'"~"'"''i2'"^- (3-21) 
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For 1 < /ci < A;2 < • • • < fc/, the restriction of P2(l) on the RFS {a„ : n G N} 
satisfies the following ([1], (3.40)): 

4^ • • • a^n = t\'-h2t\^~^'-H2 ■ ■ ■ t'l'''"-''h2^- (3.22) 

From these two formulae, it is shown that any state vector in both Fock 
spaces are described by using the canonical generators of O2 and O. 

According to formulae in § 12. H we show the proof of Theorem 11.31 

Proof of Theorem \1.3l (i) Since Vb^^ = ^_b and Vpil, = Qp, we see that 
U^B = np. From (f3lT|) . 

t^t^ = ^„,„t^+™ (n,m>l). (3.23) 

From (I3:23]) . ([5:21]) and (13:22]) . we obtain the following: 

u{bij^^...{biy-nB 

— Ly VpZ-i ^2 1 2**1 to ^ ^ 

r< j\ \/ j.ni+fci — 1,712— ni 1^2 j.nm—nm-ij.kmCl 

— ^^ni-l,A:i i^FCi tj^ ^^2 * * * ''I ^-2 ^' 

_ ^ /I /I T/ j.n2+A:i+A;2-lj.n3-ra2j.fc3 .nm-rim-i.kmr) 

— ^■^ni-l,ki_^n2+ki_-l,k2^F^l ^1 ^^S * * * ^^l ^^2 ^^ 

Hence (fTTTl) holds. 

(ii) From (i), we see that the particle number of both sides of ()1.17p is 

ki + ■ ■ ■ + km- Hence the statement holds. I 



4 Examples 

4.1 State vectors in Fock representations 

We show concrete examples of Theorem 11.31 Relations among n-particle 
states for n = 1, 2, 3 are shown as follows. In this subsection, we write both 
^B and r^i? in Theorem 11.31 as the same symbol Vi and omit the unitary 
operator U . 

Example 4.1 (i) For n > 1, 6*i7 = a*0. 
(ii) For n, m E N, assume 1 <n < m. Then 
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(iii) For n,m,l G N, assume 1 < n < m < I. Then 

From Example l4.1l we see that state vectors of boson and fermion are similar 
for few particle number case. 

Next, we show more general relations. 

Example 4.2 (i) For each n > 1 and m > 0, 

(ii) For 1 < 111 < n2 < • • • < ni, 



^n+m^'-- 



"m ' ' 'bnP' — '^m'^n-z+l 



■ a 



ni+l-l 



n. 



In particular, 

From Example I4.2l fi) and Theorem 11.31 the multiplicity of a mode of boson 
is nearly associated with the length of a block of fermions in (jl.lTp . 

We illustrate state vectors of representations of 02,Ooo,A and B in 
Theorem 11.31 as follows: 



1-^12^^ t2tlt2'* 6162*^ t2i' 




s1s2^ SjO 



SiSafi 54^7 



s^n 



P^il) 



siS2ri\ 




S2^ 


(j 


n = Sin. 


T 


Pooil) = 


P2{1 



I Co 
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a^Q. 



0203^1 




*,a*^n 



-^ 0-2 (^to li i 60 i Z 6]^ 62 J * 



a^a2^ 




ib*^rn {birn 



{birn 



P2(1)U = Fermi-Fock 



P2{1)\b = Poo{1)\b = Bose-Fock 



where -P2(l) and Poo(l) are as in § [21 vertices mean orthogonal vectors of 
the representation space of O2 and these vectors are orthogonal each other 
(see also graphs in § 3 of [18j). 

4.2 Computation of U* on the Fock representation 



For U in ()1.16p . we show the adjoint operator U* of U. Let V denote the set 
of all nonempty finite subsets of N. For S £ V, the block decomposition of S 
is the partition 5 = S*! U • • • U Sm of S such that there exists xi, . . . , Xm £ S, 
ki, . . . , km S N U {0} which satisfy the following: 

(i) Si = {xi,Xi + 1, . . . , Xj + ki} for each i = 1, . . . ,m, 

(ii) Xi + ki + 1 < Xi^i for each i = 1, . . . ,m — 1 when m > 2. 

For S = {ni, . . . , Um} £ V, we write a*g = a*^ • • • a*^ when ni < • • • < rim- 
If 5 = 5i U • • • U Sm is the block decomposition of S, then a*g = a^^ • • • a*g^ . 
From Theorem II. 3 [ we obtain the action of U* . 



Proposition 4.3 For S £ V, assume that S = SiVA ■ ■ ■ L\ Sm is the block 
decom,position of S and Si = {nj, . . . , nj + /j} for i = 1, . . . ,m. Then the 
adjoint operator U* of U in il.l6\} is given as follows: 



U*nF = ^B, 

u*a*snF= D . {b;J^+\bi^^i^_,y'^+^ 

where D denotes the normalization constant given by 



(^L-ES^(.-i))'""^^- 
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4.3 Realizations of Fock spaces as /2(N) 

We realize four irreducible representations ^2(1)5 -foo(l) and Fock represen- 
tations of bosons and fermions on the Hilbert space hi^)- Let {e„ : n £ N} 
denote the standard basis of /2(N). Then 

7r(ti)e„ = e2(n_i)+i (i = 1, 2, n G N) (4.1) 

defines a representation of O2 which is -P2(l)- From Proposition 13.11 1). tt\ooo 
is Poo(l). This is given as follows: 

vr(sm)e„ = e2m-i(2n-i) (m, nGN). (4.2) 

We see that 7r|^ is the Fermi-Fock space with the vacuum ei (see also (3.40) 
ofH): 

^(am)ei = 62^-1+1, 7r(am)ei = (m > 1). (4.3) 

Furthermore, we see that vrl;? is the Bose-Fock space with the vacuum ei: 
ir{b*^)ei = 62™-!+!, vr(6m)ei = (m > 1). (4.4) 
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